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Abstract Fractional derivatives have been known since the time of Leibniz and have been
used in various branches of physics. The present paper shows how they can be used to
generate a spinor field, much as the gradient operator generates a vector field. These spinor
fields are zero kinetic energy solutions to the Dirac equation.
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1 Introduction

Fractional derivatives, introduced by Leibniz, are derivatives whose order is a noninteger.
They have many applications; one of the most common is in the theory of diffusion. An
excellent overview of the subject with bibliography is given in Oldham and Spanier [1].
More recent references can be found in Bayin [2]. In this paper, I show how fractional
derivatives can be used to construct a spinor field which is a solution of the Dirac equation.

2 The Spinor Field

Let S be a unitary matrix given by:

V272 V2i)2 0
S=|-v2/2 V2i/2 0
0 0 1

Let coordinates u and v be defined by [u, v, z]” = S[x, y, z], so that

u=~/2/2(x +iy) )
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and
v= «/E/Z(—x +iy). (2)

We can show that if f(x,y,z) is a solution to Laplace’s equation, then the quan-
tity ¥ defined by ¢ = (82 f/8'%u, —3'/% £/3'/?v) is a spinor. We must show that the
matrices which transform i under rotations about the x, y and z axes are given by
R,El/z) =exp(icoy), R;I/Z) =exp(ifo,), and R§1/2) =exp(iyo,), where «, 8, and y are the
respective angles of rotation and oy, o, and o, are the Pauli spin matrices. The superscript

of (1/2) signifies a spinor transformation. When the Pauli matrices, given by: o, = (? (1)),
0—i

oy=(;,) and 0. = (; ")) are plugged in to the formulas for the R'/2 matrices, we
obtain [3]:

(1/2) _ . [ cos(a/2) isin(a/2)
Ry (o) = explioe/2) = <i sin(@/2) cos(@/2) ) ’ G
(1/2) gy — . _( cos(B/2) sin(B/2)
Ry () = explio, f/2) = (— sin(/2) cos(,3/2)> ’ @)
A/2) 00y — : _ (expliy/2) 0
R, "7 (y)=explioxy/2) = ( 0 exp(—iy/2) )" 5)

(These are the inverses of the matrices given by Sakurai because he uses active rotations and
we will use passive rotations.)

We will consider the three rotations in order. Under a rotation by an angle o about the
x-axis, the coordinates x, y and z transform according to:

X x’ 1 0 0 x’
y]|=R(@)| Y |=|0 cosa -—sina yvl. 6)
z 7 0 sina cosa 7

The matrix which transforms u’ and v’ to u and v is SR, («)ST which is given by:

cos?(a/2) —sin®(e/2)  —(v/2/2)isina
SR, ()S"=| —sin*(a/2) cos?(a/2) —(/2/2)i sina (7
—(«/5/2)1' sin o —(\/i/Z)i sina cosa

Similarly, given the rotation matrices for the y and z axes:
cosp 0 sinf
R, = 0 1 0
—sing 0 cosp
and

cosy —siny O
R,=]| siny ~cosy 0],
0 0 1

we can obtain the corresponding matrices for transformation of «’, v’, and z':

cos?(B/2) sin*(B/2)  (v/2/2)sinpB
SR,S" = sin®(B/2) cos®(8/2) —(+/2/2)sinp ®)
—(V2/2)sinf  (v/2/2)sinp cos 8
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and
exp(iy) 0 0
SR.ST = 0 exp(—iy) 0. 9)
0 0 1

The two half derivatives which make up 1 will now be considered. In terms of u, v, and z,
it is known [4] that the Laplace equation can be written as:

32f 32f
— =0. 10
dudv + 072 (10)

V2fu,v,z)=-2

The general solution can be written as a sum of product functions: U (1) V (v) Z(z). When
this expression is plugged into (10), we obtain: U(u) = exp(au), V(v) = exp(bv) and
Z(2) = eXp(mZ), where a and b are constants. There are also solutions of the form
g(u) and h(v) where g and h are arbitrary functions [5]. But if g and & can be expressed as
Fourier series, then even in this case f can be expressed in terms of products of exponentials.

We are now ready to evaluate the partial semiderivatives in the (u, v, z) coordinate sys-
tem and compare them to the partial derivatives in a rotated coordinate system: (u’, v’, z’).
Using the definition of Liouville [1], the half derivative of an exponential is given by
d'?Cexpax/dx'> = C./aexpax. In the unprimed frame,

@2 ffou'?, —8'2 f/3v'?) = (Va, —/b) f. (11)

Under a rotation about the x-axis, u, v and z are related to u’, v/, and z’ by the matrix
transformation in (7). By inverting this matrix we can write:

fu,v,2) = fcos*(a/2)u’ — sin*(ae/2)v' — (v/2/2)i sinaz’ (12)
— sin?(a/2)u’ 4 cos*(a/2)v" — (v/2/2)i sinaz’ (13)

— (V2/2)i sinau’ — (v/2/2)i sinav’ + cosaz) (14)

= exp[(vacos(a/2) —i bsin(oz/Z))zu’ (15)

+ (—i+/asin(e/2) + Vb cos(a/2)*v' (16)

+ (W2/2)(—iasina — ibsina + 2vabcosa)z']. (17)

In this form, it is easy to obtain the two semiderivatives:

32 f(u,v,2)/0u’* = (Vacos(a/2) — iv/bsin(a/2)) f (u, v, z) (18)
and
2 f(u,v,2)/9v"? = (—iasin(e/2) + vVbcos(a/2)) f u, v, ). (19)

Finally, combining these expressions with (11), we can write:
V2f/ou"? N _ (cos(e/2) isin(e/2) [ 3" f/du'l? 20)
-2 f79v1/2 ) \Uisin(ee/2) cos(a/2) J\ —8'2f/9v'/2 )"
This transformation matrix is that for a spinor rotated through an angle o about the x-axis.
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Similar analysis can be done for rotations about the y and z-axes: If u’, v, and 7’ are
related to u, v and z by a rotation through an angle 8 about the y axis then, from (8),

F,v,2) = f(cos®(B/2)u’ + sin*(B/2)v' + (v/2/2) sin Bz’ (21)
+sin®(B/2)u’ + cos2(B/2)v' — (v/2/2) sin Bz’ (22)
— (W/2/2) sin Bu’ + (v/2/2) sin Bv’ + cos Bz') (23)
= exp[(v/acos(B/2) — V/bsin(B/2))*u’ (24)
+ (Vasin(B/2) + v/bcos(8/2))*v' (25)
+ (v2/2)(+asin B — bsin B + 2/ abcos B)7']. (26)
The semiderivatives are:
30" f(u,v,2)/9u"? = (Vacos(B/2) — Vbsin(B/2)) f (u, v, 2) 27)
and
32 f(u,v,2) /90" = (Vasin(B/2) + Vb eos(B/2)) f (u, v, 2), (28)
and we can write:
32 f/ou'’? cos(B/2)  sin(B/2)\ [ 82 f/ou'’?
(—81/2 f/avw) - (— sin(8/2) COS(ﬂ/2)> (-al/z f/8v1/2> ' @)

Lastly, if u’, v/, and 7’ are related to u, v and z by a rotation through an angle y about
the z axis then, from (9)

fu,v,2) = f(exp(iy)u', exp(—iy)v', 2) (30)
= explaexp(iy)u’ + bexp(—iy)v' +v2abz']. (31)
The two semiderivatives are:
82 f(u,v,2)/9u""? = aexp(+iy/2) f(u,v.2) (32)
and

"2 f(u,v,2)/0v"? =Vbexp(—iy/2) f(u, v, 2), (33)

SO We can write:

al/Zf/au/I/Z B exp(+iy/2) 0 81/2]('/3”1/2 A
(—8”2]‘/81/”2) B ( 0 exp(—iy/2>) (—31/2 f/avw)' (34)

Thus under any rotation of the coordinate axes, the object i transforms as a spinor.

3 Application to the Dirac Equation
The half derivative spinors have a physical interpretation. They can be used to construct

solutions to the Dirac equation for fermions with zero kinetic energy. Let functions f and g
be defined by f(u, v, 7) = exp(au + bv +2+/abz) and g(u, v, 7) = exp(cu +dv + 2/ cdz).
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As we have seen, solutions to Laplace’s equation can be expressed as linear combinations
of solutions of this form. Let W (u, v, z, t) be a four component object defined by:

al/Zf/aul/Z
_al/Zf/avl/Z
Y(u,v,z,t) = 8172g Jull? exp(Ct). (35)
_aI/Zg/avl/Z
The Dirac equation is given by [6]:
. el . - 3 2
lﬁa +ihca -V — Bmoc” | ¥ =0, (36)

with the o and 8 matrices given by:

0 o, _ 0 oy
ocx:(ax 0), ay_(% 0) 37

azz<£ ‘6) and 5:(%0 _OUO>. (38)

Here oy is the two dimensional identity matrix. In terms of derivatives with respect to u and
v, the Dirac equation can be written as:

] 0 V20 L —o_ L)y +o,L
ih— — 2 i h + u v 29z W =0
(z o Bmoc +lc(\/§(a+%—a_;’—v)+az% 0 ;
(39)

where o, and o_ are raising and lowering operators defined by oy = %(ax +ioy)ando_ =
%(ax —ioy). Substitution of (35) into (39) yields:

(ihC —moc*)a f
—(@ihC —moc*)Vb f

(=N elele)

(ihC + myc?)/cg (40)
—(@{ihC + mocz)«/zg
There are two types of solutions then, those having C = —imyc?/h and g = 0 (the pos-

itive energy solutions) and those having C = +imyc?/h and f = 0 (the negative energy
solutions).

4 Conclusion

Since the two half derivatives transform under rotations about the x, y, and z axes as a

spinor, they constitute a spinor field analogous to the vector field generated by the gradient.
These spinor fields are zero kinetic energy solutions to the Dirac equation.
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